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Abstract- Freezing rain or drizzle may cause severe disruptions 
of power transmission. It is thus important, in order to alleviate 
that problem, to find a way to estimate icing intensity over a wide 
range of conditions and to predict the formation of extreme ice 
loads. This paper introduces a 3D random walk model for 
predicting the profile and mass of ice accretion on a non-rotating 
cylinder. The water film, which flows along the ice or conductor 
surface, is divided into fluid elements assumed to follow a 
random path. Three parameters are associated with the random 
walk model : the probability of freezing and the motion 
parameter, both dependent on atmospheric conditions, and the 
shedding parameter, which is a constant. 

I. INTRODUCTION 

Freezing rain impingement on power network equipment 

may cause harmful effects in cold climate regions around the 
world. Mitigation of these detrimental consequences requires 
further research including field and laboratory investigations 
as well as theoretical analysis and computer simulation. 
Existing computer models of ice accretion on a cylinder, while 
useful in the past are in need of improvement. 

The aim of the present work is to develop a 3D model of 
ice accretion on a non-rotating cylinder simulating real-life 
flexibility constraints as shown in Figure 1. This model will 
simulate the shape and load of accreted ice. The shape of 
accreted ice will significantly affect the ice load rate of 
formation. 

β

cylinder

Pylons  
Fig.1 The flexibility of the cylinder represented by angle β 

Random walk modelling was introduced into the icing 
domain by Szilder (1, 2). This method allows the simulation of 
wet icing when unfrozen water flows along the surface of the 
ice accretion before freezing. Typically, such wet icing is the 
result of freezing rain. Using this technique, Szilder et al. have 
also developed a 3D model predicting icicle growth (3, 4). 

The present 3D model of ice accretion on a non-rotating 
cylinder is likewise based on random walk modelling, with 
variable convective heat flux, impingement angle and angle of 
inclination of the cylinder. The morphogenetic model (1) adds 
some “realistic” stochastic variability to ice accretion shapes 
in keeping with experimental observations. This occurs 
because each simulation is slightly different when a different 
sequence of random numbers is used, even though the external 
conditions may be identical. 
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II. MODEL DESCRIPTION 

In our model, there are two principal sub-models. One is 
analytical and the other is numerical. The analytical sub-model 
sets the relationship between the physical parameters and the 
model parameters, where freezing probability is a function of 
atmospheric conditions. Water flow along a cylinder or an ice 
surface is not a continuous process. Frequently the flowing 
water is observed to form beads which follow circuitous 
channels as they move around roughness elements on the 
cylinder surface. The water mass flux is divided into fluid 
elements which are fired from the upper boundary of the 3D 
lattice and move randomly along the existing cylinder or ice 
surface after impact. After calculating the freezing probability 
and the shedding parameter, a ballistic model determines the 
trajectory and impact location of a fluid element depending on 
the impingement angle φ  (5, 6).  

The fluid elements are fired from a random position on the 
upper boundary of the lattice. Prior to their impact, the 
particles follow a straight-line trajectory with angle of 
impact,φ . The tangent of this angle is set equal to the ratio of 
the horizontal wind speed and the terminal velocity of the 
falling drops (5,6). 
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where VW (m.s-1) is the wind speed; VT is the terminal velocity 
of the droplets (m.s-1). 

The terminal velocity of a droplet, based on the data of Gunn 
and Kinzer (7), is expressed as follows 

0.69.65 10.3 D
TV −= − e    (2) 

where D is the diameter of the raindrop (mm). In reality the 
impact angle varies with raindrop size, even with constant 
wind. However, in the present work we have fixed the 
raindrop size while varying the impingement angle. To 
determine the moving probability of motion of a fluid element 
in any direction we assumed that: at any step of its  random 
walk, the freezing probability remains constant; fluid elements 
are fired from random position on the upper boundary of the 
3D lattice; the probability that a fluid particle will move one 
cell upwards is zero; in the absence of wind, the angle between 
the stagnation line and the raindrop’s trajectory is zero; when 
the impingement angle is zero, the five motion probabilities 
are all equal; the ratio of the difference between the 
probability that a fluid element will move one cell downwind 
and the probability that a fluid element will move one cell 
upwind and the probability that a fluid particle will move one 
cell downward is the tangent of the raindrop impingement 
angle φ ; the inclination angle of the cylinder due its flexibility 
is β. 

Any fluid element has a volume of 1mm3 after freezing. 
The simulation domain is defined by a 3D rectangular lattice. 
The icing substrate is defined by filling up appropriate lattice 
cells. In this 3D model, at each time step during the random 
walk, a fluid element has six possible alternatives. Either it 
moves one cell to right, left, down, downstream, upstream 
(diagonal motion is not allowed), or it freezes. A probability is 
associated with each event as will be defined in upcoming 

sections. In addition, the particle is not allowed to walk away 
from the substrate or the ice structure. While flowing along the 
surface, a particle’s behaviour has two possible outcomes, 
either it merges with the existing accretion when it freezes, or 
it drips from the accretion. Particle freezing occurs on drawing 
a random number whose value is within the freezing 
probability interval. However, a fluid element will not 
necessarily freeze in its present lattice cell. A “cradle” location 
is sought for this element in the neighborhood of its current 
cell. The size of this neighborhood is determined by the 
freezing range parameter, n. At present, the freezing range 
parameter is taken to be 2, in agreement with the numerical 
experiments of Szilder (4), which gave a correspondence with 
observed porosity. The neighborhood is a square of side 2n+1 
cells. Within this area, the particle moves to the empty cell 
that has the maximum number of occupied neighbors. If the 
cells which meet this condition are several, the final location is 
chosen randomly. This process emulates the effect of the 
surface tension force that tends to minimize the local surface 
area. 

Due to the lack of a complete analysis in 3D, we have used 
the 2D analytical model of Szilder (1) to calculate the freezing 
probability. Next we have deduced the motion probability in 
each direction taking into account the 3D lattice. Szilder 
showed that the freezing probability which is proportional to 
the net external heat transfer can be expressed as follows: 
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where Q is the mean convective heat flux (W.m-2); ∆x is the 
step length measured along the cylinder surface; R is the 
cylinder radius; Lf: is the latent heat of fusion (J.kg-1); m0 : the 
total mass flux of impinging drops onto the cylinder when the 
rainfall is vertical, wR (kg.m-1.s-1), with w being the rainfall 
rate (kg.m-2.s-1). As we can see, the freezing probability has 
been expressed as function of the convective heat flux, 
precipitation rate, the lattice cell size, and cylinder radius. This 
expression remains constant during the ice accretion for 
simplicity. The second parameter of this model is the shedding 
parameter. It emulates the behaviour of a pendant drop. If a 
fluid element moves along the iced cylinder surface without 
freezing, it will eventually reach the icicle’s tip. If it remains 
at the tip without freezing for the number of times steps 
defined by the shedding parameter, it drips and leaves the ice 
structure. Physically, this parameter is related to the supply 
rate. However, no attempt will be made to derive a relation in 
this paper. Instead, the shedding parameter is estimated at 500 
using previous work (1, 5, and 6). 

Figure 2 shows a cross-section of the cylinder showing its 
inclination angle. When the cylinder is inclined the probability 
of motion towards the right (PZR) and downward (PYD) are 
obtained through a projection of their value on Z and Y axis 
respectively when the cylinder is not inclined. 

The probability of motion towards the left is set equal to 
the sum of PZL when β is equal 90° with the difference 
between the probabilities PYD and PZR when β is equal 90°. 
When the cylinder is not inclined and the rainfall is vertical, 
the probabilities of motion in each of the five possible 
directions are identical may be expressed as follows: 
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Taking into account the impingement angle of the 
raindrops, we can write: 
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In resolving the equation system (5) we obtain: 
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Considering the slope of the cylinder represented by β  
(figure2), the probability that a liquid particle moves one cell 
downward becomes: 

c o s s i nD M oP P φ β=          (7) 

Then we define the probabilities remaining. 
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Fig.2 Cylinder viewed from the side showing its inclination 
 
 
 
 

 

 

 

 

 

 

III. MODEL SIMULATION RESULTS AND DISCUSSION 

Simulations were run on a 3D lattice consisting of 200 by 
150 by 200 cubic grid cells, each with 1mm sides. In this 
model, the influence of external heat flux, impingement angle 
and inclination angle of the cylinder have been investigated. In 
general, the external heat flux consists of convective, 
evaporative and radiative sources but we have condensed all 
these terms into a single term for simplification. Freezing rain 
is often accompanied by wind. In general, the wind speed and 
its direction vary with time. These parameters influence the 
impingement angle of the droplets, but for simplicity a fixed 
value is assigned to the impact angle which is assumed to 
remain constant during the simulation. 

A. Influence of the convective heat flux 

In this section, the following values are assumed: β=90°, 
the rainfall rate 1mmh-1, the simulation time 5h and the 
cylinder radius 17.5 mm. The rainfall is vertical. 

The influence of the convective heat flux on ice accretion 
shape is shown in figure 3. In this figure, different shapes of 
ice accretion are presented. For figures 3.a and 3.b where the 
convective heat flux is 2 W.m-2 and 5 W.m-2 respectively, ice 
does not cover the entire cylinder surface. Also we see that ice 
tends to accumulate below the cylinder. Availability of heat 
and water below the cylinder leads to a substantial accretion 
there. For higher values of convective heat flux, as we can see 
in figures 3.e and 3.f, there is more ice accreted on the 
cylinder’s upper surface and hence a decrease of the length of 
the icicles. When the convective heat flux is high, there is 
substantial heat lost to the cold air and the freezing probability 
is therefore higher, causing droplets to freeze just after their 
impact. In summary, the lower values of convective heat flux 
lead to some smaller icicles, and an increase of the heat flux 
produce an increase of icicle length. However, for the highest 
values of convective heat flux the icicles become smaller 
because all the raindrops freeze on the cylinder itself. This 
observation is in agreement with Maeno and Takahashi’s 
experimental data (8, showing that decreasing air temperature 
leads to longer icicles). Finally, after reaching a maximum 
length, a further increase of the heat flux or a decrease of the 
air temperature, leads to shortening of the icicles. 

Y

The influence of the convective heat flux on the 
distribution of the mass is shown in figure 4. Accretion mass 
grows with increasing external convective heat flux. The total 
impinging rainfall mass also increases slowly with increasing 
heat flux, since the cross-section of the accretion increases 
with the external heat flux, figure 3. When the convective heat 
flux reaches 140 Wm-2, the total ice accretion mass and the 
total impinging rainfall mass are almost equal. This may be 
explained by the fact that when the convective heat flux is 
very high, all the impinging water is incorporated into the ice 
structure and there is virtually no dripping.  
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a. 2 Wm-2 b. 5 Wm-2 c. 10Wm-2

  

d. 60Wm-2 e 120 Wm-2 f. 170 Wm-2

 Cylinder 

 Layer 1 (1 to 
10 000 particles) 

 Layer 2 (10 001 to 
20 000 particles) 

 Layer 3 (20 001 to 
30 000 particles) 

 Layer 4 (30 001 to 
total particles) 

 

Fig.3. The influence of convective-heat flux on the shape of the ice accretion. 
The following parameter values have been assumed: rainfall rate, 1 mmh-1; 
simulation time 5 hours; the shedding parameter, 500; the impingement angle 
Φ is set equal to 0°; the inclination angle β is set equal to 90°. 
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Fig.4. The influence of convective-heat flux on the distribution of ice mass 
during the accretion process. Rainfall rate 5 mmh-1; simulation time 5 hours; 
the shedding parameter, 500; the impingement angle Φ is set equal to 0°; the 
inclination angle β is set equal to 90°. 

B. Influence of the impingement angle 

It has been established that the heat transfer coefficient and 
the impact angle will both depend on wind speed. For 
convenience, however, we have kept the external heat flux 
constant while changing the impingement angle, in order to 
identify their individual effects. The range of the angle of 
impact was chosen according to Chen (5,6). The mono 
disperse raindrop impingement angle varies from 
approximately 20° to 70°. For this range, the simulation results 
for accretion shape are shown in figure 5. The following 
values have been assumed: the convective heat flux 5 Wm-2, 
simulations time 5 hours, β = 90°. The right side is the 
upstream side. It is clear that ice accretion preferentially 
occurs on the upwind side of the existing ice structure as the 
raindrop impingement angle increases. It so happens because 
this side is more exposed to the freezing rain. The icicle 
formation process here is the same as what was described in 
the previous section, with the difference that, in this section, 
we have a downwind inclination of the icicles. 

The distribution of ice accretion mass is presented in figure 
6. The total accretion mass increases with increasing 
impingement angle until it reaches its maximum at around 
60°. This increase comprises two stages, from 0° to 20°, and 
from 20° to 60°. In the first stage, the mass increase is slow 
because it is caused by a slow increase of the cylinder surface 
which is exposed to the wind. For the higher values of the 
impact angle the variation of the cylinder surface which is 
exposed is significant, hence there is a faster increase of the 
total accretion mass in the second part. Beyond 60°, a slight 
decrease of the total accretion mass is observed. An increase 
of total accretion mass should rather be expected, considering 
the increase of the lateral cross-section of the ice structure 
directly exposed to raindrop spraying. This is explained by the 
fact that this lateral cross-section is not a curtain of ice; hence, 
for very high values of impingement angle, a fraction of the 
droplets passes between the icicles below the cylinder, leading 
to a decrease of the total accretion mass. 
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 Cylinder 

 Layer 1 (1 to 10 000 particles) 

 Layer 2 (10 001 to 20 000 particles) 

 Layer 3 (20 001 to 30 000 particles) 

 Layer 4 (30 001 to total particles) 

 5

Fig.5 The influence of raindrop impingement angle on the shape of the ice 
accretion. The following parameter values have been assumed: rainfall rate, 
1mmh-1; simulation time 5 hours; convective heat flux 5 W.m-2; the shedding 
parameter 500; the inclination angle β is set equal to 90°. 
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Fig.6 The influence of the raindrop impingement angle on the total ice mass 
during the accretion process. Convective-heat flux 30 Wm-2; rainfall rate 
5mmh-1, simulation time 5 hours. 

C. Influence of the inclination angle of the cylinder 

Figure 7 presents the influence of the inclination angle of 
the cylinder on the icing process in the wet regime. A decrease 
of this angle, starting from 90°, leads to a slight increase of the 
mass intercepted until 50°, followed by a significant increase 
thereafter. At the same time there is a slight decrease followed 
by a significant increase of the ice accreted mass. For an 
inclination angle less than 50°, the liquid particles quickly 
reach the bottom of the ice structure under the influence of 
gravity. This explains the slight decrease of the accreted mass. 

When the inclination angle is greater than 50°, the opposite 
phenomenon is observed, namely an increase of the ice mass. 
This is so because, after their impact, the raindrops move on in 
the direction of the slope of the cylinder, thus spending more 
time on the ice structure with a higher probability of freezing 
on the structure.   
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Fig. 7.a* 
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Fig. 7.b**

 
Fig. 7 The influence of the cylinder inclination angle β on the distribution of 
ice mass during the accretion process. The following parameter values have 
been used: rainfall rate 5 mmh-1; simulation time 5 hours; the shedding 
parameter, 500; the impingement angle Φ is set equal to 0°. 
(*) Wet case (convective-heat flux 30 Wm-2) 
(**) Dry case (convective-heat flux 140 Wm-2).  

At an angle of 90°, 66 % of the raindrops intercepted by 
the cylinder or by the ice mass are incorporated into the ice 
accretion. For smaller angles, the intercepted mass of water 
grows slowly while the accreted ice mass decreases slowly 
until 50°. At this angle, there is a decrease of 2.5% in accreted 
ice mass compared to 90°. From 50° to 10°, there is a 40 % 
increase of the accreted ice mass, relative to 90°. 

Figure 7.b describes the influence of the cylinder 
inclination angle on the icing process in the dry regime, when 
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there is no dripping or icicle formation. The curves describing 
the accreted ice mass and the intercepted water mass are 
almost identical. The external heat flux is sufficient to 
incorporate almost the totality of the intercepted raindrops into 
the ice accretion. 

IV. CONCLUSIONS 

The morphogenetic model is in qualitatively good 
agreement with observations in terms of its simulation of ice 
accretion due to freezing rain on a cylinder. The shape and the 
mass of the ice accretion can be predicted by the model, while 
changing the droplet impingement angle, the convective heat 
flux and the inclination angle of the cylinder. In future, we 
hope that it will lead to even more realistic predictions when 
we include the impact of the wind on the heat transfer at the 
cylinder surface. The results to be reported in a future paper 
will be verified with laboratory experiments. 
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