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Abstract— An attempt of Eulerian approach to icing problems is
reported. The basic equations of water droplets dispersed in air-
flow and the computational procedure are described. Also, some
technical difficulties concerning this attempt to icing problems are
pointed out. Computational examples; these are local impinge-
ment efficiency along a stationary cylinder, water droplets distri-
bution around an oscillating cylinder and simulated shape of
hard-rime ice on an airfoil, show the effectiveness of this ap-
proach. Furthermore, recent results on mathematical features of
the basic equations are mentioned, in which the behavior of the
droplet density in small Stokes number is clarified. Based on the
results, some essential remarks on Eulerian approach in icing
problems are suggested.

I. INTRODUCTION

Ice accretion phenomena, which appear on the surface of
structures in super-cooled fog, have been studied for long
time [1]-[3]. In fact, we can take such examples of the phe-
nomena in engineering fields as ice accretion on an airplane or
a helicopter in flight and also on power lines in mountain areas
and/or arctic regions.

Recently, knowledge on ice accretion phenomena has be-
come more important for the security of natural disaster, the
structural design of a construction and also the estimation of
the performance of rotor blades for a helicopter or a wind tur-
bine in cold climate regions. In particular, interaction between
temporal change of ice shape and airflow is considered to play
a serious role in the performance of blades in rotation [4].

In simulation of icing problems, Lagrangian approach is
well known [1], [5]. In this way, airflow around an obstacle is
obtained at first and then trajectories of droplets with inertia
are calculated based on the field of airflow. We can estimate
the time averaged mass flux of droplets on the surface from the
trajectories, which gives “local impingement efficiency”.

In Lagrangian approach, however, only the geometry of
droplet trajectories are considered and motion of droplets
along the trajectory is neglected. Therefore, it is not straight-
forward to extend this approach to unsteady problems.

On the other hand, it is possible to employ Eulerian ap-
proach in simulating icing problems. In this approach, a cloud
of super-cooled water droplets dispersed in airflow is repre-
sented as continuum field quantities as well as the airflow.
Flow of dispersed droplets is, then, described by the averaged
velocity and density. Therefore, it is called 2-fluid model in

general. To extend this approach to unsteady problems is
quite easy because the unsteady terms are already included in
the basic equations.

It is true indeed that Eulerian approach is never novel in ic-
ing problems. In fact, some works were reported in 1980s, in
which local impingement efficiency was estimated based on
the same approach [6], [7]. In 1990s, simulated shapes with
accreted ice have been obtained and the results have repre-
sented experimental data successfully [8]-[11].

In the present paper, we summarize the outline of Eulerian
approach in icing problems and some computational results
based on this approach are also presented, by which the effec-
tiveness of this approach is demonstrated empirically. At the
same time, we emphasize some remarks on the basic equations
which relate to the droplet density.

II. SUMMARY OF EULERIAN APPROACH

A. Basic Equations

In natural wind, the amount of water included in unit vol-
ume of airflow, which is called Liquid Water Content
(L.W.C.) [12], is rather small. In fact, it is known the value of
L.W.C. is at most 1 g/m’. In this situation, it is considered that
collision between dispersed water droplets is little important.
Then, airflow including huge numbers of water droplets such
as super-cooled fog can be modeled as 2-fluid description.

In the simplest description of this model, Stokes’ law of
fluid resistance between dispersed droplets and the carrier flow
of air is considered. The governing equations for the dispersed
phase of droplets are, then, given as follows.
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where v; and U; mean velocity vectors of the dispersed phase
of droplets and the carrier phase of airflow, respectively. The
quantity # indicates mass density of the dispersed droplets and
the effect of mass change is neglected here for simplicity.

The parameter 7 included in (2) is a coefficient of fluid re-
sistance between a droplet and airflow and it physically means
relaxation time of droplet motion. Since the diameter of dis-
persed water droplets in natural wind is ones to tens um at



IWAIS XII, Yokohama, October 2007

most, the relaxation time of droplet motion is estimated at the
order of “millisecond” in general.

Non-dimensional form of the parameter 7 is called (particle)
Stokes number and defined in the following expression.

St=r1

U, 3)
L

where U, and L indicate reference velocity and length, respec-
tively. In the case of U, = 10 m/s and L = 1 m, the value of
Stokes number St is approximately of order 102,

B. Procedure of Computation

In the present study, we employ finite difference method on
body fitted coordinates system for solving the basic equations
(1) and (2). Then, the procedure of computation in icing prob-
lems based on Eulerian approach is summarized as follows,
which are all steps at one time marching procedure.

Velocity field of airflow U; is given according to a
problem under consideration. For example, we take
potential flows and incompressible viscous flows as
the velocity field in the present paper.

Equation (2) is solvable when relaxation time 7 is
defined according to the problem. Then, we can ob-
tain the velocity field of the dispersed droplets v;.

The density distribution of the dispersed droplets 7 is
determined passively from (1) with the velocity field
v; of step 2.

From the density and incoming velocity of the dis-
persed water droplets along the body surface, we can
calculate local impingement efficiency f defined in
general as follows:

B=nyAS, “4)
where 7, and v, indicate the droplets density and the
incoming velocity on the surface, respectively. Also,
AS is a small surface element.

The accretion rate of ice w is calculated by the local
impingement efficiency (4). In particular, when we
consider hard-rime accretion, it is simply given as

w=—"t__, (5)

P ice AS
where p,.. means the density of accreted ice.
Grid points on the body surface are moved with the
velocity w in (5) and all grid points in computational
domain are redistributed around an updated shape of
accreted ice by using moving grid technique [9].

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

C. Modeling of Microscopic Behavior in Icing Process

In Eulerian approach, considering the averaged flow field
of water droplets, the microscopic behavior of water droplets
in accretion process on a body surface cannot be represented
by the crude description. This means that some modeling of
this process is necessary. Here, we consider two elementary
processes; these are local impingement efficiency and growth
direction of accreted ice.

Local impingement efficiency f in (4) is defined as the
amount of water droplets incoming onto the body surface lo-

cally. It is, therefore, easy to understand that the quantity af-
fects greatly the process of ice accretion. Then, we consider
two different definitions of local impingement efficiency. One
definition is based on the normal component of incoming ve-
locity v, at the surface, that is,

an =1V, AS. (6)

The other is defined by using the x-component of incoming
velocity v,, which corresponds to uniform flow direction of
airflow.

Be=n,v.AS. 0

Now, we also need to give a model for growing direction of
the accreted ice. Here, two possibilities are considered simply;
these are ‘“normal” and “upwind” directions. The growth of
“normal” or “upwind” direction means that accreted ice is as-
sumed to be growing toward normal or upwind direction to the
surface, respectively. The former possibility is quite standard
in icing simulation while the latter comes from an observation
of experimental results [4].

We have no information for determining these two proc-
esses unfortunately. Then, four possible assumptions of local
impingement efficiency and growth direction of accreted ice
are considered. The combination of the assumptions in each
case is listed in Table 1.

TABLE ]
COMBINATION OF LOCAL IMPINGEMENT EFFICIENCY AND GROWTH DIRECTION
OF ACCRETED ICE
No. Definition of Growth direction
case 1 iR upwind
case 2 B normal
case 3 b normal
case 4 B upwind

D. Remarks on Computational Technique

Here we describe two typical difficulties of computation in
icing problems based on Eulerian approach and the treatment
and/or improvement to them.

The first difficulty originates from the discrete representa-
tion of body shape with accreted ice. With growing the ac-
creted ice, the length of contour around the ice shape increases
inevitably. This situation makes the distance between the
neighboring grid points larger and results in the deterioration
of the accuracy representing the body shape.

In order to improve this difficulty, automated generation of
grid point in computation is developed [9], in which a new
grid point is generated on the portion of the accuracy deterio-
ration and the physical quantities are given by the interpolation
of the values on the originally neighboring grid points. This
technique is performed in step 6 in the procedure of computa-
tion shown in section II-5.

The other difficulty is related to the characteristic time.
When we treat icing problem as unsteady flow problem, there
exist two different kinds of characteristic time; one comes
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from unsteadiness of airflow and the other does from ice accre-
tion rate. Unfortunately, time scale of these two physical
processes is rather different.

We can easily estimate the ratio of these two characteristic
times from (4) and (5). The following expression is consid-
ered.

wo_n v - O(f?],
Us  Pice Us Pice
where U, is uniform velocity at upstream infinite.

Equation (8) suggests that the ratio of these characteristic
times is determined from the density ratio between accreted ice
and water droplets. When the values of 10° kg/m’ and 1 g/m’
(for example L.W.C.) are employed respectively, the ratio in
(8) is estimated at w/U,, ~ O(10°). This means the unsteady
icing problem is “stiff” problem and large numbers of steps for
time marching is necessary to compute directly the problem.

Here, we look over a practical example of ice accretion on
an airfoil, in which the reference length L=120 mm (the chord
length of the airfoil) and uniform velocity U,=10 m/s. Then,
the characteristic time of the unsteadiness is estimated at
L/U,=0.012 s while the time scale of ice accretion is ones to
tens minutes from the experiment [4]. The ratio of ice accre-
tion rate to characteristic velocity of airflow, therefore, ap-
proximately ranges over 10™*~ 107,

At the present stage, the efficient treatment of this difficulty
is under investigation. We assume to set a larger value in the
density ratio defined in (8) in order to prevent the increase of
computational steps. However, this assumption can be inter-
preted as the artificial increase of L.W.C. and inevitably leads
to the lack of sufficient relaxation time in motion of a water
droplet.

®)

III. COMPUTATIONAL EXAMPLES OF EULERIAN APPROACH

A. Local Impingement Efficiency of a Circular Cylinder

As the most fundamental example, computational results of
local impingement efficiency around a stationary circular cyl-
inder are presented. In this computation, steady potential flow
is assumed as airflow velocity U; in (2).

Two profiles of local impingement efficiency f, and S, on
the cylinder surface in the case of St=1.0 are shown in Fig. 1,
in which the origin of the abscissa corresponds to the front
stagnation point of the cylinder. The broken line in each fig-
ure means local impingement efficiency of St infinite.
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Fig. 1. Local impingement efficiency of a stationary circular cylinder in the
case of St=1.0. Two profiles of 4, and S, on the cylinder surface are shown in
the left and right figures, respectively. The origin of the abscissa corresponds
to the front stagnation point.

It is found that these two profiles are quite different. In fact,
the distribution of 5, has one peak at the front stagnation while
that of 5, has two peaks on the both sides of the stagnation.
Although the former profile of S, is typical result in La-
grangeian approach, the latter of j, is a distinctive result ob-
tained by Eulerian approach.

B. Droplets Distribution around an Oscillating Cylinder

In order to simulate flow of droplets around an oscillating
circular cylinder, we consider potential flow around a circular
cylinder with the circulation in arbitrary motion in uniform
flow [13]. The velocity potential is given as follows:

1 1 1 ¢ r
f@ =24y by e )
where z (=x+iy) and { (={+in) mean the coordinates of flow
field and the center of the cylinder, respectively. The symbol
I' indicates the circulation of the cylinder. The third and
fourth terms of (9), therefore, correspond to the effect of trans-
lating and rotational motions of the cylinder.
By using the circulation in (9), we present rotational motion
of the cylinder in sinusoidal oscillation around the center. The
circulation is given as

(€)]

k
¢ =0, T'=rxk,cos(—1)>
P
where k, and y, are non-dimensional frequency and amplitude
of the rotational angle.
On the other hand, translating motion of the cylinder per-
pendicular to uniform flow is, then, expressed according to the
following way.

(10)

§=in=iy, sin(ﬂt), r=o0,
Vi
where k;, and y, mean non-dimensional frequency and ampli-
tude of the translating motion.

Density distribution of water droplets around a cylinder in
oscillation is depicted in Fig. 2; the result of rotational oscilla-
tion in the left figure and that of translating in the right, respec-
tively. In the both figures, the blue colored region corresponds
to low density of droplets and red does the high density. Also,
we set 5+=0.1, k£,=10.0 and ,=0.1 (the amplitude is 10 deg.) in
the computation of the rotational oscillation whereas St=0.5,
k,=10.0 and y,=0.5 (the amplitude is equal to the radius of the
cylinder) are assumed in the case of translating oscillation.

Since the threshold of droplet collision on a cylinder Sz, is
equal to 1/16 (=0.0625), droplet impingement takes place
when the cylinder is stationary under the condition of the rota-
tional motion. However, oscillation of a cylinder in the period
of the same order as the relaxation time of droplet motion pre-
vents the collision on the cylinder surface and droplet free re-
gion forms around the cylinder.

In the case of translating motion, droplet impingement oc-
curs on the upstream side of the cylinder since the value of St
is beyond the threshold. On the other hand, the wake of drop-
let density with the width of the amplitude forms in the down-

an
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stream side. This result means that water droplets in motion
cannot follow the unsteadiness of airflow in the high frequency.

S
Fig. 2. Instantaneous density distribution of water droplets around an oscillat-
ing cylinder. The blue colored region corresponds to low density of droplets
and red does the high density. Left figure for rotational oscillation around the
center in St = 0.1, £,=10.0 and y,=0.1 (the amplitude is 10 deg.). Right for
translating oscillation perpendicular to uniform flow in St = 0.5, k,=10.0 and
7=0.5 (the amplitude is equal to the radius).

C. Simulation of Accreted shape of Hard-rime Ice

As another example, we present computational results of
hard-rime accretion on an airfoil because hard-rime accretion
is considered as the simplest icing process, in which local im-
pingement efficiency and growth direction of accreted ice play
the most essential role.

In this simulation, viscous flow is employed as airflow in
(2), which is calculated by unsteady incompressible Navier-
Stokes equations. An airfoil of NACAOO015 with the chord
length 120 mm placed in airflow of the velocity 10 m/s at zero
incidence is considered, which corresponds to Reynolds num-
ber Re=10° approximately. The averaged diameter of droplets
is assumed to be 12 um. Also, the density ratio in (8) is set to
Pice/n =100 in the present simulation, which means the rate of
ice accretion is assumed to be 10* times faster.

The simulated results of the length of accreted ice for each
case of the assumption listed in Table I are shown in Fig. 3.
The term “length of accreted ice” is defined as the length from
the leading edge of the airfoil to the tip of accreted ice. There-
fore, this figure shows the growth rate of the accreted ice.
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Fig. 3. Temporal development of the length of accreted ice. Growth rate of
accreted hard-rime is rather different in each computational case (see Table I).

In this figure, we can find that the growth rate is rather dif-
ferent in each computational case. It is obvious that this fact
originates in the definition of local impingement efficiency and
growth direction of accreted ice. An experimental result is

also plotted in the same figure. Comparing the results of the
computation with the experimental result, the results of case 3
and 4 show the good agreement with the experimental result.

Moreover, concerning the shape of accreted ice, we can
summarize the characteristics as follows [9]:

Based on the definition of local impingement efficiency, we
can classify the frontal part of ice shape into two types. In the
case of f3,, the most ice-accreted portion appears at the leading
edge and the ice becomes triangle shape toward the upstream
direction. On the other hand, the shape is almost rectangular
toward the upstream direction in the case of §,. These features
of the ice shape are, indeed, reflection of the profile of local
impingement efficiency shown in Fig. 1.

The effect of growth direction of the accreted ice is ob-
served in the upper and lower side of the ice shape. The ac-
creted ice forms in the tapered shape toward the upstream di-
rection in the case of growing to “upwind” direction while the
shape of the upper and lower sides becomes approximately
parallel to each other in the case of “normal” direction growth.

The simulated shapes of hard-rime ice in the case 3 are
shown in Fig. 4 as an example. Each contour of the ice corre-
sponds to the shape at every 200 s in actual time. It is found
that the shape of ice is almost rectangle as mentioned above.

The results of the accretion rate and the ice shape lead to
the conclusion that the assumption of case 3 can reproduce the
experimental results of hard-rime accretion. This fact suggests
that local impingement efficiency f,, which is the distinctive
result in Eulerian approach, works well in hard-rime accretion.

vie — — :
0.05F 3
OF .
-0.05F -
-0.1 0 0.1 0.2
x/c

Fig. 4. An example of simulated shape of hard-rime accretion on an airfoil.
Each contour of the ice corresponds to the shape at every 200 s in actual time.
In this simulation, local impingement efficiency S, and normal growth of ice
are assumed.

IV. MATHEMATICAL FEATURES OF BASIC EQUATION

A. Inviscid Solution of Stagnation Region

We consider irrotional incompressible stagnation flow as a
model of airflow, which is given as follows,
2A4x,,

U =

U, = -—odx,.
where A and o are constants, the values of which are summa-
rized in Table II. Also, the value of St means the threshold of
droplet collision on the stagnation point.

It is noted that the negative value of 4 in (12) represents

flow near the front stagnation while the flow simulates a sepa-
ration region in the positive value.

(12)
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TABLE II
NUMERICAL VALUES OF CONSTANTS IN (12) FOR TYPICAL OBSTACLES.

Geometry 4] a St
Cylinder 2 2 1/16
Plate 1 2 1/8
Sphere 3 1 124
Disc 4/x 1 /32

When Stokes number St is smaller enough, no collision of
droplets on a body surface occurs. Then, it is possible to ob-
tain an exact solution, since the airflow field U; is linear. Ac-
tually, we can find the following similar solution to the airflow,

{vlzf(St)Ul’ (13)
v, =g(SHU,,
where f(St) and g(S?) are functions of only St and these are
given by

_1-\1-4adSt

—1++/1+8A4S¢
— = g(Sn) =
2aASt

I =—r

It is notable that this solution holds in the following range of St
and that the upper bound of the second condition corresponds
to the threshold St,, in Table II.

OSAStS%, A>0,

[21

0§|A|St§é, A<0-
Now, droplets density can be obtained directly from the ve-
locity field (13) and we have the solution

n=x [ E( 6 %6 ) (14)
where F' is an arbitrary function and keeps constant along the
droplet trajectories.

Solution (14) suggests that the density field of droplets be-
haves along x;-axis as follows,

77 ~ | xl |(0{+2)ASI’

A>0,

! (a+2) 45t
n N(] , A<0>
|, |

which mean that the singularity of x* appears in the droplet
density near the stagnation while the density in separation
point vanishes.

On the other hand, droplet collision occurs when St is be-
yond the threshold. In this region, the perturbed solution can
be obtained. Then, we consider the velocity of airflow U; by
connecting the stagnation flow model (12) to uniform velocity
atx; =-1/(2 |4]).

Based on the assumption of the airflow velocity, we have
the following perturbed solutions.

Oth order
vO=1,v" =0, 9 =1
1st order

1 1
v = A(x, —a)z’ vy =—24(x, _ﬂ)xz’ n" =0

2nd order
W = —A?z(xl TR
W =2 - - D,
7 =24 -

From these solutions, the density of droplet is given by the
following series expression,

p=l+— (15)

2, 1, 1
se3 iy T
The results of the droplet density in the vicinity of the stag-
nation for a stationary circular cylinder are summarized in Fig.
5 [14]. In this figure, the exact solution (14) in smaller St than
the threshold and the perturbed solution (15) in large St are
presented. At the same time, computational results in two dif-
ferent grid numbers are also plotted; the symbol o corresponds
to the results with 100 by 70 grid points (x; ~ 7 x 10* and o

does the results with 200 by 200 grid points (x; ~ 8 x 107).

5 I |m I I
4 + O -
3 F S@rgilar solution A
N 2 | O Perturbed |
- solution 4
1 | )\Qe—e—e
[ 1 I 1 1 1 ]

0
10° 102 10" 10° 10" 10

St

Fig. 5. Comparison of exact and perturbed solutions of the droplet density
with computational results in the case of a circular cylinder. The symbol o
corresponds to the results with 100 by 70 grid points and o does the results
with 200 by 200 grid points.

The qualitative agreement between the analytical solutions
and the computational results is rather good despite of using
the crude airflow velocity. Fig. 5 shows the droplet density has
one peak at the threshold of St., (=1/16). Below the threshold,
the density increases monotonously whereas above the thresh-
old the density decreases sharply. Also, in the range of St <
St., the computed density is a little smaller than the exact
value. This fact comes from the singularity of the solution
(14) and suggests the possibility of underestimating the droplet
density in the vicinity of the surface in simulation.

B. Droplet Free Layer and the Appearance Criteria

When St < St,,, the solution of the droplet density (14) has
the singularity along the surface. On the other hand, in the
same range of St, it is known that a thin layer of droplet free
appears along the surface, the thickness of which is of order St
[15]. This fact means the singularity of droplets density van-
ishes in this thin layer. Therefore, the criteria for the appear-
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ance of this droplet free layer gives important knowledge on
the density field of droplets. Based on a simple order estima-
tion of the basic equations, the criteria can be derived.

Now, we consider steady state of droplet flow field given
by (1) and (2) where U; is governed by incompressible Navier-
Stokes equations. Under the assumption of small St, we have
the following expressions as the first order approximation of St
to the equations (1) and (2).

v, =U, +St6—p+O(St2) ,
Os

v, U, + St(;—p +0(St*) = U, + StxU? +0O(St7) »
n
where s and #» indicate the local coordinates along the tangen-
tial and normal direction of the surface. Also, p is pressure
field of airflow and x means curvature of s-direction. The sec-
ond term in the most right hand side of the normal component,
therefore, gives the centrifugal force due to the tangential ve-
locity Us.

Assuming the boundary layer approximation for airflow ve-
locity field, we obtain the following results [16].
(1) The droplet free layer appears along a surface and/or
streamlines with curvature since the normal velocity due to the
centrifugal force generates it.
(2) The droplet free layer appears when the following criteria
are satisfied

0<rx St (16)

where 9 is the thickness of viscous boundary layer of airflow.

The computational results on droplet free layer along a cir-
cular cylinder are shown in Fig. 6 in the case of §=0.02. In
this figure, the thickness of the layer 6, is depicted along the
surface according to Reynolds number of airflow Re. The
result of potential airflow is also included as Re=co.

we—

0

P
102k

107k

10
0 30 60 90

Fig. 6. Development of droplet free layer along a circular cylinder in the case
of §=0.02. In these results, we estimate droplet density at free under the
condition of < 107>,

From this figure, we can find that the location at which
droplet free layer appears, shifts to downstream direction with
smaller Re and that the thickness of the layer in downstream
region is independent from Re. Also, the droplet free layer
does not appear at the front stagnation region even when Re is
infinite. Since this layer generates by the centrifugal force
acting on droplets, this result seems to be quite reasonable.

V. CONCLUDING REMARKS

We present the summary of Eulerian approach in icing
problems, in which some technical difficulties are pointed out.
Computational results of several problems are also shown and
the effectiveness of this approach to icing problems is empiri-
cally demonstrated.

In particular, mathematical features of the basic equations
obtained recently are described, which is related to the water
droplet density. The droplet density in the vicinity of a body
surface increases drastically when Stokes number is close to
the threshold of droplet collision. This means careful treat-
ment of the droplet density is necessary. Without it, the un-
derestimation of local impingement efficiency may occur.

Furthermore, when Stokes number is smaller than the
threshold, the density field of droplets is characterized by the
singularity on the stagnation and droplet free layer along the
downstream surface. Viscous effect of airflow delays the ap-
pearance of the droplet free layer and the singular region of
droplet density increases with decreasing Reynolds number of
airflow. Therefore, we need to pay our attention to the bound-
ary condition of droplet density on the body surface in compu-
tations of small Stokes number.
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