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Abstract—Icicles are important in recent icing models. A 

numerical simulation of glaze icing in freezing rain with icicle 

growth by Makkonen has shown that when the air temperature is 

high enough for icicle growth, the total load may be much higher 

than at any other temperature. When an icicle grows, the latent 

heat released in the freezing of  ice beneath the water film must be 

removed from the ice and water interface. The rate of heat loss 

from the surface to the air by thermal convection and evaporation 

controls the growth rate of the ice. In the icicle growth and wet 

accretion model, it is important to estimate the local heat transfer 

coefficient. In previous studies on the subject of ripple formation 

mechanisms on the surface of icicles, one of the authors herein 

showed that the change in the mean growth rate of icicle radius 

affects the magnitude of amplification rate for disturbances of the 

ice-water interface, but the characteristic wavelength of the 

ripples does not change. However, it was assumed in previous 

studies that there is no airflow around icicles. If we take into 

account natural or forced convection of the air, we have to 

consider airflow within the thermal boundary layer around 

icicles. In this paper, we extend the previous theoretical 

framework by taking into account the effect of airflow on the 

morphology of the ice-water interface. 

I.  INTRODUCTION 

HE traditional approach in wet icing modeling has been to 

ignore the dynamics of the surface flow of unfrozen water 

[1]. Since the situation of wet growth is analogous to icicle 

growth, icicles have become an important aspect of icing 

models today. When there is a source of water at the root of 

the icicle, a water film forms on the icicle surface. The rate of 

heat loss from the ice-water interface to the environment 

through the water film controls the growth rate of the ice. One 

side of the water film is a water-air surface and the other side 

is growing ice. As a result of the instability of the ice-water 

interface, the flow in the water film may be changed depending 

on the morphology of ice. This means that two interfaces have 

to be dealt with, making this one of the more complicated 

moving boundary problems with phase transition.  

When an icicle grows, we often observe ring-like ripples on 

the surface about one centimeter in wavelength. Recent 

theoretical research to explain the underlying dynamic 

instability that produces ripples is based on the assumption that  

ice is covered with the supercooled water film in the mean 

thickness 0h , and that there is no airflow ahead of the ice 

surface, as shown in Fig. 1 (a) [2]-[4]. The thickness of the 

water film is given by  3/1
0 ]/)sin/(3[ lQgh l θν= [5], [6], 

where lν  is the kinematic viscosity of water, g  the 

gravitational acceleration, lQ / [(ml/h)/cm] the water supply 

rate per width from the top, and θ  is the inclination angle with 

respect to the horizontal plane. 1000 ≈h  µ m for typical 

values of  lQ / [7].  

However, as indicated by the experimental observation that 

the increase in wind speed leads to an increase in the mean 

growth rate of icicle radius [7], heat transport can be greatly 

influenced by the presence of forced convection airflow. In 

order to clarify the effect of the enhancement of heat transfer 

due to air convection in the thermal boundary layer on the 

morphology of ice, we extend the previous two-dimensional 

model of ice growth under a supercooled water film flow to 

include a natural convection airflow adjacent to the ice surface. 

We assume that this flow occurs by buoyancy force, which 

arises by density difference due to latent heat released from the 

ice-water interface into the air close to the ice surface [8]. As a 

result, as shown in Fig. 1 (b), a rising thermal boundary layer 

is created ahead of the ice surface. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1.   (a) is the absence of airflow,  (b) is the presence of  a natural 

convection airflow. 0h  is the thickness of the water film. The air temperature 

is laT  at the water-air surface and ∞T  at a length δ . 

 

In the absence of airflow, at the inclination angle of 

2/πθ = , we derived a formula to determine the wavelength 

of ripples: 3/1
0

2
)3/(2 lPehaπλ ≈ , where 2/1

)]/([ ga lργ=  is 

the capillary length associated with the surface tension γ of 

the ice-water interface [6], lρ  , the density of water, and lPe ,   

the Peclet number, which is  the ratio of the heat transfer due 

to water flow to that due to thermal conduction in the water 

film.  In previous studies [2]-[4], we assumed a linear air 

temperature profile ahead of the water-air surface: laa TT =  at 

the water-air surface and ∞= TTa  at a length scale δ , as 

shown in Fig. 1. (a), and the latent heat was assumed to be 
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transported in the air by conduction only.  We showed that the 

length scale δ only appears in the ice growth rate 

)/( δLTKV a ∞−= , but the wavelength λ of ripples is not 

relevant to δ . Here aK  is the thermal conductivity of the air 

and L , the latent heat per unit volume [4]. However, δ  was 

an unknown parameter and the physical meaning of this length 

scale was not given. When we take into account natural 

convection of the air around icicles, δ  is regarded as the 

thickness of the thermal boundary layer [9]. If δ  is also 

important in determining the wavelength of ripples, the above 

formula for λ would be modified to include δ . In this paper, 

assuming a mean air velocity profile and a mean air 

temperature profile in the boundary layer as shown in Figs. 2 

(a) and (b), respectively, a linear stability analysis for a 

disturbance of the ice-water interface during ice growth is 

performed. 

 

 
 

 

 

 

 

 

 

Fig. 2.  (a) Dimensionless air velocity profile *aU , (b) Dimensionless air 

temperature  profile *aT  with respect to dimensionless coordinate *Y . 

II.  THEORY 

A. Governing  equations 

We consider the laminar natural convection flow over  semi-

infinite ice covered with a supercooled water film as shown in 

Fig. 1 (b). Using the stream function lψ , the velocity 

components in the x  and y  directions in the water film, 

yu ll ∂∂= /ψ  and xll ∂−∂= /v ψ , are governed by the 

Navier-Stokes equations driven by gravity force and the 

continuity equation [5], [6]: 
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where 6108.1 −×=lν  m
2
/s and 3100.1 ×=lρ kg/m

3
 are the 

kinematic viscosity and density of water, g , the gravitational 

acceleration, and lp , the pressure in the water. The equations 

for the temperatures in the ice sT  and water lT  are given by 
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where 61015.1 −×=sκ  m
2
/s and 71033.1 −×=lκ  m

2
/s are the 

thermal diffusivities of the ice and water, respectively.  

Employing the Boussinesq approximation, the air velocity 

components in the x  and y  directions, yu aa ∂∂= /ψ  and  

xaa ∂−∂= /v ψ , and air temperature aT are governed by the 

Boussinesq equations [6]:    
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where aψ  is the air stream function, ap is the air pressure, 

0ap , the static air pressure, ∞ρ , the air density at temperature 

∞T , and 5
103.1

−×=aν  m
2
/s and 3

107.3
−×=β 1−

K are the 

kinematic viscosity and the volumetric coefficient of thermal 

expansion of the air, and 51087.1 −×=aκ  m
2
/s is the thermal 

diffusivities of air.  

 
 

B. Boundary conditions 

First, we consider the hydrodynamic boundary conditions. 

Both water velocity components yu ll ∂∂= /ψ  and 

xll ∂−∂= /v ψ  at a disturbed ice-water interface, ),( xty ζ= , 

must satisfy 

0| ==ζylu ,     0|v ==ζyl .                                    (10) 

The kinematic condition at a disturbed water-air surface, 

),( xty ξ= , is 
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At the water-air surface we impose the free shear stress: 
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and the normal stress including the stress induced by the 

surface tension 2106.7 −×=γ  N/m of the water-air surface 

must balance the atmospheric pressure 0P : 
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For both air velocity components yu aa ∂∂= /ψ  and 

xaa ∂−∂= /v ψ  at the water-air surface and far away from the 

ice surface, we impose  

0| ==ξyau ,   0|v ==ξya ,   0| ==δyau ,   0|v ==δya .        (14) 

Second, we consider the thermodynamic boundary 

conditions. The continuity of the temperature at a disturbed 

ice-water interface is 

slslysyl TTTT ∆+== == ζζ || ,                                       (15) 
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where slT  is the temperature at the flat ice-water interface and 

slT∆  is a deviation from it when the ice-water interface is 

disturbed. The heat conservation at the ice-water interface is 
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where 8103.3 ×=L  J/m
3
 is the latent heat per unit volume, 

and 22.2=sK  J/(m K s) and 56.0=lK  J/(m K s)  are the 

thermal conductivities of the ice and water, respectively. The 

continuity of the temperature at a disturbed water-air surface is 

layayl TTT == == ξξ || ,                                                  (17) 

where laT  is a temperature at the water-air surface. The heat 

conservation at the water-air surface is 
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where 024.0=aK  J/(m K s)  is the thermal conductivity of 

the air. Far away from the ice surface the air temperature 

satisfies 

∞= = TT ya δ| .                                                                (19) 

 

C. Perturbations 

Since a ring-like structure encircles the icicles and there is 

no noticeable azimuthal variation on the surface of the icicles, 

it is sufficient to consider only one-dimensional perturbation in 

the x  direction of the ice-water interface,        

]exp[),( ikxtxt k += σζζ , where k  is the wave number and 

)()( ir
iσσσ += , with )(rσ  being the amplification rate and 

ki
p /v )(σ−≡  being the phase velocity of the perturbation, 

and kζ  is a small amplitude of the ice-water interface. We 

separate ξ , lψ , aψ , lp , sT , lT  and aT  into unperturbed 

steady fields and perturbed fields with prime, as 

follows: ξξ ′+= 0h , lll ψψψ ′+= , aaa ψψψ ′+= , 

lll pPp ′+= , sss TTT ′+= , lll TTT ′+=  and aaa TTT ′+= . 

We suppose that the respective perturbed parts are expressed 

as follows: 
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where kξ , lF , aF , lΠ , sg , lg  and ag are the amplitudes of 

respective perturbations and are assumed to be in the order of 

kζ . The following calculation is based on a linear stability 

analysis taking into account only the first order of kζ . 

D. Equations of unperturbed part in the air boundary layer 

We introduce the following dimensionless variables: 

0* / LxX = , 00
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* // δyLyGrY a == , 0* / aaa uUU = , 

0
4/1

* /v aaaa uGrV =  and )/()(* ∞∞ −−= TTTTT laaa , where 

23
0 / aaa LTgGr νβ∆=  is the Grashof number, 

00 LTgu aa ∆= β , 4/1
0

24/1
00 )]/([ aaa TgLGrL ∆== − βνδ , 0L  a 

characteristic dimension of the body, aT∆  the temperature 

difference between the water-air surface and ambient air 

temperature. For example, the values of aGr , 0au  and 0δ are 

9101.2 × , 0.6 m/s and 4.6 mm, respectively, for 10 =L m and 

10=∆ aT
o C.  

Applying the boundary layer approximation to the 

Boussinesq equations (6)-(9), ),( *** YXU a , ),( *** YXVa  and  

),( *** YXTa  are governed by [6], [8] 
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where aaa κν /Pr = is the Prandtl number of the air. 

Following the profile method [10], we assume the functional 

forms of ),( *** YXU a  and ),( *** YXTa  as follows: 
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which satisfy the boundary conditions 0| 0* *
==YaU , 

0|
*** ==δYaU , 0|/

**** =∂∂ =δYa YU and 1| 0* *
==YaT , 

0|
*** ==δYaT , 0|/

**** =∂∂ =δYa YT .  The profiles of 

),( *** YXU a  and ),( *** YXTa  are shown in Figs. 2 (a) and  (b). 

From (21),  























−








−=

4

*

*

2

*

*

*

**0
*** 2

16
),(

δδ

δ YY

X

u
YXV a

a .                     (26) 

Substituting (24) , (25) into (22) and (23) and integrating them, 

we obtain 
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Here we assume the thickness of the thermal boundary layer 

and that of velocity boundary layer to be the same order of δ , 

thus we put .0.1Pr =a  

If we use the temperature profile (25) , the continuity of heat 

flux at the ice-water interface and water-air surface yield 
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where *0*** /2|/
*

δ=∂−∂≡ =Yaa YTG . Since *δ  include the 

Prandtle number, *aG  depends on the Prandtle number. In the 

case of 0.1Pr =a , we can estimate 43.0* =aG  for 0.1* =X  

and 2/πθ = . 

 

E. Equations of perturbed part in the air boundary layer 

Substituting yUuUu aaaaa ∂′∂+=′+= /ψ , 

xaaaaa ∂′∂−=′+= /vvvv ψ  and aaa TTT ′+=  into the 

complete equations (6), (7) and (9), and introducing the 

following dimensionless variables: 0* /δxx = , 0* /δyY = , 

0* / aaa uUU = , 0* /vv aaa u= , **0* // Yuuu aaaa ∂′∂=′=′ ψ , 

**0* //vv xu aaaa ∂′−∂=′=′ ψ  and )/(* ∞−′=′ TTTT laaa , in the 

quasi-stationary approximation, we obtain the equations for 

*aψ ′  and *aT ′ : 















∂

′∂
+

∂∂

′∂
+

∂

′∂
4
*

*
4

2
*

2
*

*
4

4
*

*
4

4/1
2

1

xYxYGr

aaa

a

ψψψ
   















∂∂

′∂
+

∂

′∂
+














∂

′∂
+

∂∂

′∂
=

*
2
*

*
3

3
*

*
3

*3
*

*
3

2
**

*
3

* v
YxYxYx

U aa
a

aa
a

ψψψψ
 

*2
*

2

2
*

2

*

*
*2

*

2

2
*

2

*

* va
a

a
a

YxY
U

Yxx 













∂

∂
+

∂

∂

∂

′∂
−















∂

∂
+

∂

∂

∂

′∂
−

ψψ
 

,cossin
1

*

*

*

*

4/1 










∂

′∂
−

∂

′∂
− θθ

x

T

Y

T

Gr

aa

a

                        (30) 

 
*

*

*

*

*

*
*

*

*

*

*

*

*
* v

Y

T

xY

T

x

T

Yx

T
U aaa

a
aaa

a
∂

∂

∂

′∂
−

∂

′∂
+

∂

∂

∂

′∂
+

∂

′∂ ψψ
     

.
Pr

1
2

*

*
2

2
*

*
2

4/1 













∂

′∂
+

∂

′∂
=

Y

T

x

T

Gr

aa

aa

                                  (31) 

We assume  *aψ ′  and *aT ′  to be  

],exp[)( *** ikxtYf kaa +=′ σξψ  

]exp[)( **** ikxtGYHT kaaa +=′ σξ ,                       (32) 

where af  and aH  are dimensionless disturbance amplitude 

functions, and 0* / δξξ kk = .  Substituting (32)  into  (30) and 

(31), we obtain the following differential equations for the 

functions af  and aH : 

( )
2

*

2

*
4/12

3
*

3

*4
*

4

2
dY

fd
UGri

dY

fd
V

dY

fd a
aaaa

a
a

a µµ ++=             

*
2

*

*
2

*
2

dY

df

Y

V
V aa

aa 













∂

∂
+− µ  

a
a

aaaaa f
dY

Ud
UGri


























++−

2
*

*
2

*
24/14 µµµ  

,cossin *
*

* θµθ aaa
a

a HGi
dY

dH
G +−                         (33) 

( ) aaaaaa
a

aa
a HUGri

dY

dH
V

dY

Hd
*

4/12

*
*2

*

2

PrPr µµ ++=         

,/Pr/Pr
*

*
*

4/1

**

*
* a

a
aaaa

aa
aa f

Y

T
GGri

dY

df

X

T
G

∂

∂
−

∂

∂
+ µ   (34) 

where 0δµ ka = , and we have neglected the terms 

2
**

2 / xU a ∂∂ , 2
**

2 /v xa ∂∂  and 2
**

2 / xTa ∂∂  in (30) and (31) 

because the dependence of the mean velocity profiles *aU ,  

*va  and *aT on *x  is very small. Since the dependence of *aU  

and *aV  on *X  is small, we solve (33) and (34) with respect 

to *Y  for a given values of  aGr  and *X  numerically with the 

boundary conditions **00* /|/
*

δaYa udYdf −== , 0| 0*
==Yaf , 

0|/
*** ==δYa dYdf , and 0|

**
==δYaf obtained from Eq. (14), 

and 1| 0*
==YaH  and 0|

**
==δYaH . Here we define the 

perturbed part of the air temperature gradient at the water-air 

surface as 
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F. Equations of perturbed part of velocity and temperature in 

the water film 

We briefly summarize equations and boundary conditions 

for the amplitudes of the perturbed part of the stream function 

and temperature in the water film with some modifications. We 

note that the amplitudes )(yFl  and )(yg l  in (20) are 

expressed as klll yfuyF ζ)()( 0=  and klll GyHyg ζ)()( =  [2], 

where )2/(sin2
00 ll ghu νθ=  is the surface velocity of the 

water film. The unperturbed temperature gradient is given by 

00 /)(|/ hTTdyTdG laslyll −=−≡ =  under the assumption of a 

linear temperature distribution in the water film. Here slT  and 

laT  are temperatures at the ice-water interface and water-air 

surface. 

From the perturbed parts of  (1) and (2), lf  is governed by 

the Orr-Sommerfeld equation [2]:  
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where 0* / hyy = , 0khl =µ  and )2( 2
*** yyU l −−=  is the 

velocity distribution in the water film in the unperturbed state. 

)2/(3/Re 00 llll lQhu νν =≡  is the Reynolds number. From 

(10)-(13), using the relation kylylk Uf ζξ )|/|( 1*1 ** ==−=  for 

the amplitude between the water-air surface and ice-water 

interface [2], the boundary conditions for lf  can be expressed 

as [2]:  
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where 32
0 )/(sin/2)(cot2 ll ha µθµθα +=  is related to the 

restoring force due to the surface tension and gravity force, 

which act on the water-air surface [5].  

The perturbed part of  (9) yields the equation for lH  [2]:  
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2

2
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2

µµµ −+= ,          (38) 

where )/())(()( *** laslslll TTTyTyT −−≡  is the temperature 

distribution in the water film in the unperturbed state, and 

)2/(3/00 llll lQhuPe κκ =≡ is the Peclet number. 

Since the direction of the x  axis in Fig. 1 is opposite to that 

in previous papers [2]-[4], we note that the sign of *lU  in this 

paper is also opposite. Linearization of (17) at 0hy =  yields, 

to the first order in kξ ,  

1*11 ***
|/|| === −= ylylyl UfH  .                                         (39) 

Linearization of  (18) at 0hy =  yields, to the first order in kξ , 

1*11* ***
|/||/ === ′= ylylayl UfGdydH .                                (40) 

 

F. Dispersion relation 

From the perturbed parts of (15) and (16), the real and 

imaginary parts of the dispersion relation for the perturbation 

of the ice-water interface give the dimensionless amplification 

rate )//( 0
)()(

* hVrr σσ ≡  and the dimensionless phase velocity 

)/(v )(
* Vki

p σ−≡ , respectively,  
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where 96.3/ == ls KKn  is the ratio of the thermal 

conductivity of ice to that of water, 
)(r

lH  and 
)(i

lH  are the real 

and imaginary parts of lH . 

III.  RESULTS 

For the water supply rate per width lQ / =50 [(ml/h)/cm] 

and the angle 2/πθ = , Fig. 3 (a) shows the dimensionless 

amplification rate )//( 0
)()(

* hVrr σσ ≡  versus dimensionless 

wave number 0δµ ka = . We determine the wavelength from 

the value of aµ  at which 
)(

*
rσ  acquires a maximum value for 

a given lQ /  and θ . In the presence of an airflow, 
)(

*
rσ   

acquires a maximum value at 1.3=aµ  (solid line). Since the 

wave number k  is normalized by 0δ , the corresponding 

wavelength is 0.94 cm from aµπδλ /2 0= . Here we have used 

6.40 =δ  mm estimated from two parameters 0.10 =L  m and 

10=∆ aT o C. At 1.3=aµ , 28.0v * =p  as represented by the 

solid line in Fig. 3 (b). While, in the absence of airflow, 
)(

*
rσ   

also acquires a maximum value at 1.3=aµ  (dashed line). At 

this value, 61.0v * =p  is represented by the dashed line in Fig. 

3 (b). It is found that the maximum value of 
)(

*
rσ  in the 

presence of airflow is greater than the maximum in the absence 

of airflow. This indicates that the natural convection airflow 

enhances the destabilization of the ice-water interface 

compared to thermal conduction.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 3.  For lQ / =50 [(ml/h)/cm] and 2/πθ = , (a) dimensionless 

amplification rate )//( 0
)()(

*
hV

rr σσ =  versus dimensionless wave number 

0δµ ka = ; (b) dimensionless phase velocity )/(v )(
* Vk

i
p σ−=  versus 

dimensionless wave number aµ . Solid lines indicate the presence of airflow, 

and dashed lines indicate the absence of airflow.  
 

It is remarkable that the wavelengths of ripples are almost 

the same in both cases. When determining the wavelength, we 

used 6.40 =δ  mm. It should be noted that, however, the 

wavelength is almost the same for other values of 0δ  

estimated from different values of aT∆ , as shown in Table I. 

This indicates that the wavelengths of ripples on icicles are 

almost independent of ambient air temperature. In other words, 

the wavelengths are almost independent of the length scale 0δ . 

On the other hand, there is considerable difference for *v p , 

which  is sensitive to the parameters that characterize the 
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thermal boundary layer, as shown in Table I. In the absence of 

airflow, 0v * >p  for all modes, as shown in Fig. 3 (b). While 

in the presence of airflow, *v p  has negative values for some 

unstable long wavelength modes. The sign of *v p  changes 

from negative to positive at 5.2=aµ .  

We note that the mean growth rates V of ice in Table I is 

less than  the measured values in  the experiments [11] by one 

order of magnitude.  In those experiments, there were large 

temperature fluctuations. Larger heat transfer mechanisms 

need to be considered, instead of heat transfer due to natural 

convection airflow. 

 
                                                 TABLE I 

The growth rate of ice, V , the temperature of the water-air surface, laT , the 

unit of length to characterize the boundary layer thickness, 0δ  , the 

wavelength of ripple, λ , the dimensionless phase velocity of ripple, *v p , for 

respective ambient temperatures ∞T . 

  

∞T  

( o C) 

V  

(mm/h) 
laT  

( 310−× o C) 

0δ  

(mm) 

λ  

(mm) 
*v p  

    5−      0.10       1.5  5.5  9.4  0.34 

10−  0.24       3.6  4.6  9.4  0.27 

15−      0.40       6.0  4.2  9.1  0.28 

20−      0.58       8.6  3.9  9.1  0.25 
 

IV.   SUMMARY AND DISCUSSION 

Although the growth rate of icicle radius and the magnitude 

of ripple movement depend on parameters to characterize the 

airflow in the thermal boundary layer ahead of the ice surface, 

the wavelengths of ripples on icicles in the presence of natural 

convection airflow are almost the same as those in the absence 

of airflow.  

Even if we take into account the natural convection airflow, 

as long as the flow of water film is driven by gravity only, the 

velocity profile in the water film remains )2( 2
*** yyUl −−= , 

which is derived from the no-slip and the free shear stress 

boundary conditions at the ice-water interface and water-air 

surface, respectively. If an aerodynamic force acts on the 

water-air surface, the boundary conditions (12) and (13) must 

be modified. As a result, the unperturbed profile *lU   changes 

from the above half-parabolic form to 

})/~/()2{( *00
2
*** yhuyyU llal µτ−−−= , where 

0
|/~

hyaaa yU =∂∂= µτ  is the unperturbed part of shear stress 

applied at the water-air surface due to the airflow aU , lµ~  and 

aµ~  being the viscosity of water and air, respectively. 

Therefore,  *lU , lRe  and lPe  in (36)-(40) are all modified. 

In the absence of airflow, the wavelength was approximately 

determined from the formula: 3/1
0

2 )3/(2 lPehaπλ ≈ .  If shear 

stress due to airflow is exerted on the water-air surface, the 

wavelength should be influenced by the airflow. 

Based on these considerations, we have to develop the 

theoretical framework and numerical method to deal with ice 

and snow accretion on transmission line cables or other 

equipment under wet conditions, in which air flow, impinging 

water droplets motion and a supercooled water film motion 

driven by gravitational and aerodynamic forces, surface 

tension, and heat conduction through the ice and snow into the 

object of cylindrical or arbitrary shape must be taken into 

account simultaneously. Such more complicated situations and 

the resulting morphological instability of the ice-water 

interface are under study. 
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